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EDGE RINGS OF BIPARTITE GRAPHS WITH LINEAR RESOLUTIONS
AKIYOSHI TSUCHIYA
ABSTRACT. Ohsugi and Hibi characterized the edge ring of a finite connected simple
graph with a 2-linear resolution. On the other hand, Hibi, Matsuda and the author con-
jectured that the edge ring of a finite connected simple graph with a q-linear resolution,
where q≥ 3, is a hypersurface and proved the case q= 3. In the present paper, we solve
this conjecture for the case of finite connected simple bipartite graphs.
INTRODUCTION
Let S= K[x1, . . . ,xn] denote the polynomial ring in n variables over a field K with each
degxi = 1. Let I ⊂ S be a homogeneous ideal of S and
0→
⊕
j≥1
S(− j)βh, j → ·· · →
⊕
j≥1
S(− j)β1, j → S→ S/I→ 0
a (unique) graded minimal free S-resolution of S/I. The (Castelnuovo-Mumford ) regu-
larity of S/I is
reg(S/I) =max{ j− i : βi, j 6= 0}.
We say that S/I has a q-linear resolution if βi, j = 0 for each 1 ≤ i ≤ h and for each
j 6= q+ i− 1. If S/I has a q-linear resolution, then reg(S/I) = q− 1 and I is generated
by homogeneous polynomials of degree q. We refer the reader to, e.g., [2] and [5] for the
detailed information about regularity and linear resolutions.
The edge ring and the edge polytope of a finite connected simple graph together with its
toric ideal has been studied by many articles. Their foundation was established in [10, 12].
Moreover, several papers on the minimal free resolutions of edge rings are published, see
e.g. [1, 3, 4, 7, 11, 12]. In particular, in [12, Theorem 4.6] it is shown that the edge ring
K[G], where K is a field, of a finite connected simple graph G on [N] = {1, . . . ,N} has
a 2-linear resolution if and only if K[G] is isomorphic to the polynomial ring in N − δ
variables over the Segre product K[x1,x2]♯K[y1, . . . ,yδ ] of two polynomial rings K[x1,x2]
and K[y1, . . . ,yδ ], where δ is the normalized volume ([14, p. 36]) of the edge polytope
PG of G. On the other hand, in [7, Theorem 0.1] it is shown that if the edge ring K[G] of
a finite connected simple graph G has a 3-linear resolution, then K[G] is a hypersurface.
Moreover, the following conjecture is given.
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Conjecture 0.1 ([7, Conjecture 0.2]). The edge ring of a finite connected simple graph
with a q-linear resolution, where q≥ 3, is a hypersurface.
In the present paper, we solve Conjecture 0.1 for the case of bipartite graphs. In fact,
Theorem 0.2. The edge ring of a finite connected simple bipartite graph with a q-linear
resolution, where q≥ 3, is a hypersurface.
The edge rings of bipartite graphs and the associated lattice polytopes, which are called
the edge polytopes (or root polytopes) play particularly important roles in commutative
algebra and combinatorics, e.g., see [9, 11].
In the present paper, after preparing necessary materials on edge polytopes and edge
rings (Section 1), Theorem 0.2 will be proved in Section 2.
Acknowledgment. The author was partially supported by JSPS KAKENHI 19K14505
and 19J00312.
1. EDGE POLYTOPES AND EDGE RINGS
A lattice polytope is a convex polytope all of whose coordinates have integer coordi-
nates. Let P ⊂ RN be a lattice polytope of dimension d and P ∩ZN = {a1, . . . ,an}.
Let K be a field and K[t±1,s] = K[t±11 , . . . , t
±1
N ,s] the Laurent polynomial ring in N+ 1
variables over K. Given a lattice point a = (a1, . . . ,aN) ∈ Z
N , we write ta for the Laurent
monomial t
a1
1 · · · t
aN
N ∈ K[t
±1,s]. The toric ring K[P] of P is the subalgebra of K[t±1,s]
which is generated by those monomials ta1s, . . . , tans over K. Let K[x] = K[x1, . . . ,xn]
denote the polynomial ring in n variables over K with each degxi = 1, and define the sur-
jective ring homomorphism pi : K[x]→ K[P] by setting pi(xi) = t
ais for 1 ≤ i ≤ n. The
kernel IP of pi is called the toric ideal of P .
Let G be a finite simple graph on the vertex set V (G) = [N] with the edge set E(G) =
{e1, . . . ,en}. (A finite graph G is called simple if G possesses no loop and no multiple
edge.) Let e1, . . . ,eN denote the canonical unit coordinate vectors of R
N . Given an edge
e = {i, j} of G, we set ρ(e) = ei+ e j ∈ R
N . The edge polytope PG of G is the lattice
polytope which is the convex hull of {ρ(e1), . . . ,ρ(en)} in R
N . The edge polytope PG of
a finite simple bipartite graph G is also called the root polytope of G. One has dimPG =
N− c0(G)−1, where c0(G) is the number of connected bipartite components of G ([15,
p. 57]). In particular, if G is connected and bipartite, then dimPG = N− 2. The edge
ring K[G] of G is the toric ring of PG, that is, K[G] = K[PG] and the toric ideal IG of
K[G] is the toric ideal of PG, that is, IG = IPG. When the edge ring K[G] of a finite
simple graph G is studied, we follow the convention of assuming that G is connected. Let
G be a finite disconnected simple graph with the connected components G1,G2, . . . ,Gs
and suppose that each Gi has at least one edge. Then the edge ring of G is K[G] =
K[G1]⊗K · · ·⊗K K[Gs] and its toric ideal is
(IG1, IG2, . . . , IGs)⊂ K[x
(1)
1 , . . . ,x
(1)
n1 ,x
(2)
1 , . . . ,x
(2)
n2 , . . . ,x
(s)
1 , . . . ,x
(s)
ns ].
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Let, say, IG1 6= (0) and IG2 6= (0). Then K[G] cannot have a linear resolution. Hence K[G]
has a q-linear resolution if and only if there is 1 ≤ i ≤ s for which K[Gi] has a q-linear
resolution and each K[G j] with i 6= j is the polynomial ring.
Recall from [12] what a system of generators of the toric ideal IG of a finite connected
simple bipartite graph is. LetC be an even cycle of G with the edge set
E(C) = {ei1, . . . ,ei2n},
where for 1 ≤ j ≤ 2n− 1, ei j = {v j,v j+1} and ei2n = {v2n,v1}. We write fC for the
binomial
fC =
n
∏
j=1
xi2 j−1−
n
∏
j=1
xi2 j
belonging to IG, where pi(xi) = t
ρ(ei)s.
Lemma 1.1 ([5, Corollary 5.12]). The toric ideal IG of a finite connected simple bipartite
graph G is generated by those binomials fC, where C is an even cycle of G.
As a result, it follows that
Lemma 1.2. Let G be a finite connected simple bipartite graph. Assume that IG is gener-
ated by homogeneous polynomials of degree n. Then G has no even cycles of length< 2n.
In particular, IG is generated by { fC :C is an even cycle of length 2n}.
Next, we recall Ehrhart theory of lattice polytopes. Let P ⊂ RN be a lattice polytope
of dimension d. The h∗-polynomial (or δ -polynomial) of P is the polynomial
h∗(P,λ ) = (1−λ )d+1
[
1+
∞
∑
t=1
|tP ∩ZN |λ t
]
in λ , where tP = {ta : a ∈ P}. Each coefficient of h∗(P,λ ) is a nonnegative integer
and the degree of h∗(P,λ ) is at most d. Let deg(P) denote the degree of h∗(P,λ ) and
set codeg(P) = d+1−deg(P). It then follows that
codeg(P) =min{r ∈ Z≥1 : int(rP)∩Z
N 6= /0},
where int(P) is the relative interior of P in RN and where Z≥1 stands for the set of
positive integers. We refer the reader to [6, Part II] for the detailed information about
δ -polynomials and their related topics.
From [13] we obtain the following:
Lemma 1.3 ([7, Corollary 3.2]). Let G be a finite connected simple graph and let G′ ⊂G
be a subgraph of G. Then deg(PG′)≤ deg(PG).
On the other hand, from [8, p. 5952] one has the following:
Lemma 1.4 ([7, Corollary 3.4]). Let G be a finite connected simple graph on [N]. Then
reg(K[PG])≥ deg(PG).
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2. PROOF OF MAIN THEOREM
Let G be a finite connected simple bipartite graph on [N] such that K[G] has a q-linear
resolution with q≥ 3. Then it follows that reg(K[G]) = q−1 and IG is generated by ho-
mogeneous polynomials of degree q. Hence in order to prove Theorem 0.2, from Lemma
1.2, we should show that if G has no even cycles of length < 2q and has at least two even
cycles of length 2q, then we obtain reg(K[G])≥ q.
Lemma 2.1. If G has disjoint two even cycles of length 2q, then we obtain degPG ≥ q.
Proof. Let G′ be a finite simple graph on [4q] with the edge set E(G′) = {e1, . . . ,e4q},
where ei = {i, i+1} for 1≤ i≤ 4q−1 with i 6= 2q and e2q = {2q,1} and e4q = {4q,2q+
1}. Namely, G′ is the disjoint union of two even cycles of length 2q. Then one has
dimPG′ = 4q−3. Since
1
2
4q
∑
i=1
ρ(ei) = e1+ · · ·+ e4q ∈ int(2qPG′)∩Z
4q,
we obtain codeg(PG′)≤ 2q. Hence it follows that
deg(PG′) = dimPG′+1− codeg(PG′)≥ 4q−3+1−2q= 2q−2≥ q.
Therefore, from Lemma 1.3, one has deg(PG)≥ deg(PG′)≥ q, as desired. 
Lemma 2.2. If G has two even cycles of length 2q which have precisely one common
vertex, then we obtain degPG ≥ q.
Proof. Let G′ be a connected finite simple graph on [4q− 1] with the edge set E(G′) =
{e1, . . . ,e4q}, where
ei =


{i, i+1} 1≤ i≤ 2q−1,
{2q,1} i= 2q,
{1,2q+1} i= 2q+1,
{i−1, i} 2q+2≤ i≤ 4q−1,
{4q−1,1} i= 4q.
Since G′ is connected and bipartite, It follows that dimPGk = 4q−3. Since
2q
∑
i=1
(
1
3
ρ(e2i−1)+
2
3
ρ(e2i)
)
=2e1+ e2+ · · ·+ e4q−1 ∈ int(2qPG′)∩Z
4q−1,
one has
deg(PG′)≥ 4q−3+1−2q= 2q−2≥ q.
Hence from Lemma 1.3 we obtain degPG ≥ degPG′ ≥ q, as desired. 
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Lemma 2.3. Given positive integers k and m with k+m ≥ q and k ≤ m, let G
(e)
k,m be
a connected finite simple bipartite graph on [2q+ 2m− 1] with the edge set E(G
(e)
k,m) =
{e1, . . . ,e2q+2m}, where
ei =


{i, i+1} 1≤ i≤ 2q−1,
{2q,1} i= 2q,
{1,2q+1} i= 2q+1,
{i−1, i} 2q+2≤ i≤ 2q+2m−1,
{2q−2m−1,2k+1} i= 2q+2m,
see FIGURE 1. Then we obtain degP
G
(e)
k,m
≥ q.
FIGURE 1. G
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Proof. Since P
G
(e)
k,m
is bipartite and connected, one has dimP
G
(e)
k,m
= 2q+2m−3. More-
over, since
k
∑
i=1
(
1
3
ρ(e2i−1)+
2
3
ρ(e2i)
)
+
q
∑
i=k+1
(
2
3
ρ(e2i−1)+
1
3
ρ(e2i)
)
+
q+m
∑
i=q+1
(
1
3
ρ(e2i−1)+
2
3
ρ(e2i)
)
=e1+ e2+ · · ·+ e2q+2m−1+ e2k+1 ∈ int((q+m)PG(e)
k,m
)∩Z2q+2m−1
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and sincem≥ q/2, we obtain degP
G
(e)
k,m
≥ 2q+2m−3+1−q−m= q+m−2≥ 3q/2−2.
If q= 3, then degP
G
(e)
k,m
≥ 3> 5/2. Moreover, if q≥ 4, then degP
G
(e)
k,m
3q/2−2≥ q, as
desired. 
Lemma 2.4. Given positive integers k and m with k+m−1 ≥ q and k ≤ m, let G
(o)
k,m be
a connected finite simple bipartite graph on [2q+ 2m− 2] with the edge set E(G
(o)
k,m) =
{e1, . . . ,e2q+2m−1}, where
ei =


{i, i+1} 1≤ i≤ 2q−1,
{2q,1} i= 2q,
{1,2q+1} i= 2q+1,
{i−1, i} 2q+2≤ i≤ 2q+2m−2,
{2q−2m−2,2k} i= 2q−2m−1,
see FIGURE 2. Then we obtain degP
G
(o)
k,m
≥ q.
FIGURE 2. G
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Proof. Since P
G
(o)
k,m
is bipartite and connected, one has dimP
G
(o)
k,m
= 2q+2m−4. More-
over, since
k−1
∑
i=1
(
1
3
ρ(e2i−1)+
2
3
ρ(e2i)
)
+
1
3
ρ(e2k−1)
+
q−1
∑
i=k
(
1
3
ρ(e2i)+
2
3
ρ(e2i+1)
)
+
1
3
ρ(e2q)
+
q+m−2
∑
i=q
(
1
3
ρ(e2i+1)+
2
3
ρ(e2i+2)
)
+
1
3
ρ(e2q+2m−1)
=e1+ e2+ · · ·+ e2q+2m−2 ∈ int((q+m−1)P
G
(o)
k,m
)∩Z2q+2m−2
and sincem≥ (q+1)/2, we obtain degP
G
(o)
k,m
≥ 2q+2m−4+1−q−m+1= q+m−2≥
3q/2−3/2≥ q, as desired. 
Now, we prove Theorem 0.2.
Proof of Theorem 0.2. Let G be a connected finite simple bipartite graph such that K[G]
has a q-linear resolution, where q≥ 3. It then follows that G has no even cycles of length
< 2q and has at least one even cycle of length 2q, and degPG ≤ q−1 from Lemma 1.4.
Assume thatG has two even cycles of length 2q. From Lemma 2.1 each pair of even cycles
of length 2q in G has a common vertex. If two even cycles of length 2q in G has precisely
one common vertex. It then from Lemma 2.2 that degPG ≥ q, a contradiction. Hence
each pair of even cycles of length 2q in G has at least two common vertices. Let C1 and
C2(C1 6=C2) be even cycles of length 2q in G with common vertices v1 and v2(v1 6= v2).
Then each of C1 and C2 has two paths between v1 and v2. Let Pi1 and Pi2 be two paths
between v1 and v2 inCi for each i= 1,2. SinceC1 6=C2, one has {P11,P12,} 6= {P21,P22}.
Hence there are two vertices w1,w2 ∈C1 and a path P ofG connectingw1 and w2 such that
for each w ∈ P with w 6= w1,w2, it holds w /∈C1. Let G
′ be the connected bipartite graph
on C1 ∪P with the edge set E(G
′) = E(C1)∪E(P). Since G has no odd cycles and no
even cycles of length< 2n, so doesG′. Hence G′ isG
(e)
k,m orG
(o)
k,m which appear in Lemmas
2.3 and 2.4, and hence one has degPG ≥ degPG′ ≥ q, a contradiction. Therefore, G has
precisely one even cycle of length 2q. Thus, K[G] is a hypersurface, as desired. 
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